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Abstract. The recirculation flow induced by the rising motion of a bubble stream in a viscous fluid within an
open-top rectangular enclosure is studied. The three-dimensional volume averaged conservation equations
are solved by a control-volume method using a hybrid finite differencing scheme to describe the liquid
phase hydrodynamics. The momentum exhange between the bubbles and the liquid phase is modeled
with a source term equals to the volumetric buoyancy force acting on the gas in the bubble stream. The
volumetric buoyancy force accounts for in line interactions between bubbles through the average gas volume
fraction in the gas liquid column which depends on the size and the rising velocity of bubbles. The fluid flow
within an open-top rectangular enclosure is further investigated by particle image velocimetry for a bubble
stream rising in a water-glycerol solution. The measured fluid velocities in a vertical plane are compared
with the predictions of the numerical model over a wide range of fluid viscosity (43 mPa s-800 mPa s) and
gas flow rates. Finally, the recirculation flows resulting from the interaction of two neighbouring vertical
bubble streams are studied.

PACS. 47.55.-t Nonhomogeneous flows – 47.55.Dz Drops and bubbles – 47.80.+v Instrumentation for
fluid dynamics

Introduction

Air bubblers have been widely used in glass and metal in-
dustries to enhance the convective mixing of the molten
glass or metal and improve uniformity and product qual-
ity. In glass manufacture, the rise of bubbles generated
at the tank bottom further reinforces the upward cur-
rent at the thermal hot spot and levels the temperature
field [1–3]. When using rows of bubblers, the distance
between adjacent bubble streams and the distance from
the sidewalls strongly influence the efficiency of both mo-
mentum and thermal transport processes. However, a too
strong bubbling may lead to production problems related
to fluid contamination arising from the formation of a sur-
face foam or the accelerated attack of the tank bottom.

The rising bubbles act as exterior shear forces on the
surrounding fluid and induce a liquid recirculation. Em-
pirical relations were proposed to estimate the momentum
exchange coefficient between bubble stream and the liquid
[4]. A slip velocity between air bubbles and the surround-
ing fluid is generally introduced to describe the effect of
bubbling on the transport processes. However, the cou-
pling between the bubble stream and the fluid phase often
ignores in line hydrodynamic interactions which strongly
influence both the rising velocity of bubbles and the mo-
mentum exchange.

a e-mail: snabre@imp-odeillo.fr
b UPR 8521.

A companion paper [5] was dedicated to an experimen-
tal and theoretical study of bubble size and rise velocity of
a bubble stream in a viscous liquid. We have proposed a
physical model to estimate the rising velocity of in line in-
teracting bubbles and the gas volume fraction in the bub-
ble stream. The volumetric buoyancy force determines the
momentum exchange and accounts for in line interactions
between bubbles through the average gas volume fraction
in the bubble stream depending on bubble size and rising
velocity.

Earlier and more recently, various numerical models
[6–8] have been developed for solving fluid flow and heat
transfer problems in recirculation flows. All the above
mentioned numerical models are based on the solution
of the finite difference form of the volume averaged con-
servation equations. However, before numerical modelling
can be used with confidence to industrial problems, model
predictions must be verified by independent experimental
data.

We present a three-dimensional numerical model to
predict the recirculation flow induced by a rising bubble
stream in a viscous fluid within an open-top rectangu-
lar enclosure. The liquid phase hydrodynamics is mod-
elled through a control volume approach by solving the
volume averaged mass and momentum conservation equa-
tions. The SIMPLE (Semi-Implicit Method for Pressure
Linked Equations) algorithm of Patankar [7,9] is used
to solve finite difference equations. The control volume
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Fig. 1. Schematic representation of a single bubble stream
within an open-top rectangular enclosure (a) and an elemen-
tary control volume (b).

approach highlights the physical processes and the SIM-
PLE algorithm using pressure and velocities as the main
flow variables is powerful from the convergence rate stand-
point [7].

In a second section, a particle image velocimetry (PIV)
technique is used in conjunction with advanced image pro-
cessing techniques to measure local flow properties in a
vertical plane [10,11]. Velocity data for the upward bub-
ble stream and the surrounding liquid within an open-top
rectangular enclosure are presented and compared to the
predictions of the numerical model.

1 Volume averaged conservation equations

The system under consideration is shown schematically in
Figure 1a. Bubbles are generated in a stream from a nozzle
submerged in a viscous Newtonian liquid. Temperature
and density of the liquid phase are assumed to be uniform
within an open-top rectangular enclosure (height H and
width L large compared to the bubble diameter d). In the
case of a single bubble stream, the nozzle is located at
the centre of the tank bottom face (point O taken as the
origin of the coordinate system, Fig. 1).

Under isothermal conditions, the liquid flow is gov-
erned by the volume averaged continuity and momentum
equations. Assuming incompressible fluid and neglecting
the transient terms, the volume averaged conservation
equations can be expressed in vector notation as:

• Continuity

∇ · ((1− ε)ρU) = 0 (1)

• Momentum

((1− ε)ρU · ∇)U = −(1− ε)∇P

+∇ · [(1− ε)η(∇ ·U)] + (1− ε)ρg + Ψ

where U(u, v, w) is the liquid phase velocity vector in the
Cartesian coordinates (x, y, z), g the gravity acceleration,
ε the gas volume fraction, ρ the liquid density, η the liquid
viscosity and P the fluid pressure.

The coupling between the gas and the liquid phase ap-
pears through the vector Ψ which represents the volume
averaged momentum exchange between the bubbles and
the liquid phase. Neglecting the transverse components,

the momentum exchange vector equals the volume aver-
aged buoyancy force acting on the gas [12]:

Ψ = −ε〈ρ〉g for r ≤ d/2 and 0 ≤ z ≤ H (2)

Ψ = 0 for r ≥ d/2

where 〈ρ〉 = (1−ε)ρ is the volume averaged density of the
gas liquid column, r the radial distance from the bubble
stream axis and d the bubble diameter. The momentum
conservation equation then takes the fom:

(ρU · ∇)U = −∇P +∇ · [η(∇ ·U)] + ρg + Sb (3)

with
Sb = −ρεg

where the momentum source vector Sb = −ρεg represents
the volumetric buoyancy force acting on the liquid phase.
Considering the number N = ε(πd2/4)H/V of bubbles in
the gas-liquid column, the net average bubbling force Fb
then reduces to the liquid weight displaced by air bubbles
within the stream [5]:

Fb =
πd2H

4
Sb = −ρNV g (4)

where V is the bubble volume. The volume averaged gas
volume fraction ε = Qd/(WbV ) in the gas liquid column
depends on the gas flow rate Q through the nozzle and
the rising velocity Wb of in line interacting bubbles [5].

Neglecting the acceleration stage after bubble detach-
ment and the drop deceleration near the liquid free sur-
face, the bubble size and rise velocity of a bubble stream
in an unbounded viscous liquid were determined in a com-
panion paper through semi empirical models and physical
considerations [5]:

π

3
d3ρg =

(
81C∗d

16
+ 9α

)
ρQ2

πd2
+ πdaσ (5)

with

C∗d =
24

Re
+ 1, Re =

ρWd

η
and W =

3dQ

4V
,

W 2
b =

2dg(1 + ε)

Cd
(6)

with

ε =
Qd

WbV
and Cd =

16

Re
+ 1 =

16ρWbd

η
+ 1

where α is an inertial parameter, da the nozzle diameter, σ
the surface tension of the liquid and W the average veloc-
ity of bubble expansion [5]. The momentum source vector
Sb is calculated from the relation (3) with an average gas
volume fraction ε(V,Wb) derived from the equations (5, 6).

Concerning the boundary conditions, we assume con-
tinuity of the volume averaged liquid velocity and viscous
stress at the frontier between the bubble stream and the
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surrounding fluid. Along the vertical axis of the bubble
stream, the viscous stress in horizontal planes further can-
cel. The fluid from the sides and from the bottom is sur-
rounded by walls where the boundary conditions for ve-
locities are of “no-slip” type. The top surface of the liquid
is exposed to the ambient air. Neglecting viscous stresses
in the air and surface tension effects, the boundary condi-
tions at the free surface are:

w(H) = 0 and
∂u

∂z

∣∣∣∣
z=H

=
∂v

∂z

∣∣∣∣
z=H

= 0. (7)

Since no fluid velocity is imposed near the bubble stream
and only continuity of the volume averaged liquid veloc-
ity is assumed, the liquid-bubble interaction is superim-
posed on the liquid velocity field and then the model de-
scribes the coupling between the gas-liquid column and
the nearby boundary layer.

However, the physical model used to estimate the
gas volume fraction in the bubble stream ignores the ef-
fect of liquid recirculation on the bubble stream dynam-
ics. In a liquid bath of finite extent, the large scale re-
circulation flow may influence the bubbling growth and
the rising velocity of bubbles. In this work, the distance
between the bubble stream and sidewalls (or between
neighbouring bubble streams) is larger than the thick-
ness δ ≈ [ηH/(ρWb)]

1/2 of the viscous boundary layer
(0.4 cm < δ < 3 cm with 0.043 Pa s < η < 0.8 Pa s,
5 cm/s < Wb < 40 cm/s, ρ = 1250 kg/m3 and H = 8 cm)
and therefore we may neglect the effect of the recirculation
flow on the bubble stream dynamics [5].

2 Three-dimensional numerical model

A computer model based on a control-volume method us-
ing hybrid finite difference scheme was developed to solve
the conservation equations with a momentum source vec-
tor Sb(0, 0, Sbz) given by equation (3). The calculation do-
main is split up in control volumes as illustrated in Figure
1b with a spatial resolution smaller than the bubble size
in the gas-liquid column. We may write the conservation
equations (1, 3) into a general equation of the form:

∇ · (ρφU) = ∇ · (Γφ∇φ) + Sφ (8)

where φ, Γφ and Sφ denote the dependent variables,
the diffusion coefficient and the source term respectively
(Tab. 1).

Application of the Gauss divergence theorem to equa-
tion (8) yields:∫

σc

(ρUφ− Γφ∇φ) · ndσc =

∫
Vc

SφdVc (9)

where σc is the surface area and Vc the volume of a finite
elementary cell. The left hand term represents the convec-
tion and diffusion fluxes through the six faces (w, e, s, n,
b, d) of the control volume (Fig. 1b) and the right term
is the source flux at the centre node P of the control vol-
ume. The combined convection diffusion fluxes across the

Table 1. Dependent variables φ, diffusion coefficient Γφ and
source term Sφ in equation (8) for each of the volume averaged
conservation equations.

φ Γφ Sφ

Continuity 1 0 0

x-momentum u η −∂P/∂x

y-momentum v η −∂P/∂y

z-momentum w η −ρg + Sbz − ∂P/∂z

faces of a control volume are evaluated using the hybrid
finite difference scheme [7,9]. Finite difference approxima-
tions for partial derivatives and integral (9) then yields an
algebraic equation of the form:

APφP = AWφW +AEφE +ANφN +ASφS

+ABφB +ADφD + SP (10)

for each volume control in the calculation domain where
the subscript (W , E, N , S, B, D) denote the neighbouring
nodes surrounding node P (Fig. 1b). The above equation
involves the values of variable φ and source term Sφ at
node P and neighbouring nodes. The coefficients A re-
sulting from combined convection/diffusion fluxes across
the faces of the control volume are detailed in [7]. The
value of the dependent variables (u, v, w) are considered
either at the centre node P or at the faces of the control
volume [7].

However, the presence of the pressure gradient in the
volume averaged momentum equations requires the pre-
diction of the pressure field. The main difficulty arises
from the lack of an explicit equation for the pressure field.
Fortunately, a pressure equation is obtained by substitut-
ing the algebraic form (10) of the momentum equation
into the discretized continuity equation.

Since the coefficient A of the algebraic equations are
functions of the dependent variable φ, the solution proce-
dure is an iterative process based on the SIMPLE method
[7,9]. In summary, an initial guessed pressure field is used
to compute the velocity field (u, v, w) from momentum
equations. Since the calculated velocities do not satisfy the
mass conservation, pressure and continuity equations are
then solved to yield corrections to the pressure and the
velocity field. The tri-diagonal matrix algorithm (TDMA)
[7] is used to solve the system of algebraic equations.

The above steps are repeated until the change in the
velocity components is less than 3%. Furthermore, the
sum of the residual mass errors over the entire calculation
domain to the fluid mass in the tank must be less than
10−6 as a second convergence criterion. An underrelax-
ation method is used for optimum ultimate convergence
of the iteration cycle.

The solution procedure converges to acceptable accu-
rate result for a 40×40×15 non uniform grid with smaller
control volumes in the bubble stream region (Fig. 2). The
calculations performed on a computer HP 9000 grade 730
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Fig. 2. Liquid velocity field at the liquid free surface z = H
(a) or in the vertical plane y = 0 (b) calculated from the three-
dimensional mathematical model for a single bubble stream.

Fig. 3. Experimental set-up to visualise the full field flow pat-
tern by illuminating a single rising bubble stream in a water-
glycerol solution with a thin sheet of light.

with 70 Mb memory and 70 mips frequency take one two
twenty minutes for a maximum iteration number of about
150.

3 Experimental set-up

The recirculation flow induced by one or two bubble
streams rising in a viscous liquid were studied experimen-
tally. Experiments were performed under constant tem-
perature conditions in a glass tank of 20 cm × 20 cm
internal cross section and 20 cm height (Fig. 3). The tank
was filled with a water-glycerol solution up to a height of
8 cm. The viscosity of the Newtonian liquid ranging from
43 mPa s up to 800 mPa s was measured with a Couette
rheometer (Low shear 30, Contraves).

The liquid temperature was maintained to 20 ◦C with
a water jacket surrounding the tank sidewalls and con-

Fig. 4. Visualisation of the flow induced by a single bub-
ble stream (a) or two bubble streams (b) rising in a water-
glycerol solution of viscosity η = 105 mPa s (gas flow rate
Q = 0.048 l/mn, liquid depth H = 8 cm).

trolled with ± 0.1 ◦C accuracy. Air bubble streams were
generated from a steel tube of inner diameter da = 0.6 mm
with gas flow rates ranging from 0.05 l/mn up to 0.5 l/mn
measured with a flowmeter.

Particle image velocimetry is a flow visualization tech-
nique which allows non invasive velocity measurements
over a full flow field [10,11]. The particle image velocime-
try system developed in the present work uses a 4 W argon
ion laser (American laser). Optical accessories consisting
of a long fiber optic cable, a focusing lens and a rotating
polygonal mirror generate a vertical pulsed laser sheet of
0.3 mm thickness and 12 cm width at the camera view
plane (Fig. 3). Micron sized particles were used as tracers
to visualise the movement of the liquid phase. Air bubbles
generated at the nozzle served as natural seeding for the
gaseous component.

The motion of particles and bubbles within the ver-
tical light plane passing through the bubble stream was
recorded by a 512 × 512 pixel resolution CCD camera
(Sony XC77RR) with 256 grey level resolution (Fig. 4).
The CCD camera operates in conjunction with a Mattrox
PIP 1024 imaging unit and a PC compatible for the digi-
tisation and storage of image data. The camera is further
equipped with a variable electronic shutter controlled in
real time through TTL signals delivered by a DT2817 card
(Data Translation) located in the computer. The calibra-
tion factor for the field of view and any magnification was
measured prior to frame record.

Typically, a succession of 4 frames was recorded in non
interlaced mode for a better contrast. The camera shutter
speed 50 Hz < ω < 104 Hz and the time delay dt ≤ 0.02 s
between frames were adjusted to improve image quality
and obtain detectable seed displacement. Figure 5 shows
a 4-frame overlay depicting the seed spots motion near
the bubble stream for a shutter speed ω = 1360 Hz and a
time delay dt = 0.02 s between successive image frames.
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Fig. 5. Overlay of 4 binary frames showing the induced par-
ticle motion near a single bubble stream rising in a water-
glycerol solution of viscosity η = 164 mPa s (gas flow rate
Q = 0.048 l/mn, liquid height H = 8 cm, delay time between
successive frames dt = 0.02 s, shutter speed ω = 1360 Hz).

When increasing the interval time dt between frames, the
particle motion at larger distances from the bubble stream
may be evaluated. Several image data sets of the flow were
recorded and subsequently analysed to determine the full-
field velocity profile.

Specific numerical algorithms were developed to com-
pute seed spots displacement between successive image
frames. A program first performs grey level thresholding
to improve image quality. The next step is to label seed
spots and determine the spot correspondence between im-
age pairs. A spatial point to point correlation routine first
proposed by Yamamoto [13] was implemented to deter-
mine velocity vectors for each seed displacement at the
exact spatial position of the seed spot within the image
frame. The degree of correspondence between seeds in sep-
arate image frames is measured by calculating a cross
correlation coefficient for each possible seed pair within
a subregion [14]. However, some degradation in the seed
spot correspondence is observed in three-dimensional flows
since some seeds may leave the light plane. Therefore, we
only consider seed spots with a cross correlation coefficient
above a specified limiting value [13,14]. From the time in-
terval dt between image pairs and the calculation of tracer
displacement, the fluid velocity field in the light plane is
then determined with ± 3% accuracy (Fig. 6).

4 Experimental results

4.1 Single vertical bubble stream

A bubble stream generated in a viscous fluid induces an
upward flow and a large scale recirculation flow. The four
frame overlay presented in Figure 7 shows the rotating cur-
rent near the bubble stream in the vertical plane y = 0.
We define the centre point C(xc, zc) of the recirculation

Fig. 6. Particle velocity vectors resulting from the rising of a
single bubble stream in a water-glycerol solution of viscosity
η = 164 mPa s (gas flow rate Q = 0.048 l/mn and liquid height
H = 8 cm)

Fig. 7. Overlay of 4 binary frames showing the recirculation
flow induced by a single rising bubble stream in a water glycerol
solution (liquid height H = 8 cm, shutter speed ω = 1360
Hz). The white circle indicates the centre of the recirculation
flow. (a) η = 43 mPa s, Q = 0.048 l/mn, dt = 0.2 s, (b) η =
164 mPa s, Q = 0.048 l/mn, dt = 0.2 s, (c) η = 43 mPa s,
Q = 0.25 l/mn, dt = 0.1 s.
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Fig. 8. Space coordinates (xc, zc) of the recirculation flow
center as a function of gas flow rate and liquid viscosity. The
length xc is the distance from the single bubble stream axis
in the vertical plane y = 0 and zc the distance from the tank
bottom. (◦) Q = 0.048 l/mn, (�) Q = 0.1 l/mn, (4) Q =
0.25 l/mn, η = 43 mPa s for white symbols, η = 105 mPa s for
grey symbols and η = 164 mPa s for black symbols.

flow where the fluid velocity cancels in the vertical plane
y = 0. Under constant gas flow rate conditions, the centre
point C moves away from the liquid free surface and from
the bubble stream axis when increasing the fluid viscos-
ity from 43 mPa s to 164 mPa s (white circles in Figs. 7a
and 7b). A high viscosity enhances the momentum diffu-
sion in the fluid phase and the space extent of the recircu-
lation zone. On the other hand, the centre point C moves
closer to the free surface at high gas flow rates (Figs. 7a
and 7c) because inertial effects have a more pronounced
influence in the momentum equations. The viscosity and
gas flow rate dependence of the centre point coordinates
xc(Q, η) and zc(Q, η) in the vertical plane y = 0 are shown
in Figure 8.

The z-component w(x) and x-component u(z) of the
liquid velocity were derived from the cross correlation
analysis of successive image pairs. Figure 9 shows the x
variation of the vertical liquid velocity w(x) at the height
z = zc. The streamlines are nearly parallel to the vertical
axis near the bubble stream. The vertical velocity compo-
nent w(x) steeply decreases over a distance xc/2 scaling as
the thickness δ ≈ [ηH/(ρWb)]

1/2 of the vertical boundary
layer and increasing with the liquid viscosity (δ ≈ 1 cm
for η = 164 mPa s, H = 8 cm, ρ = 1250 kg/m3 and Wb ≈
15 cm/s) (Fig. 9).

At the distance x = xc from the bubble stream axis,
the horizontal velocity component u(z) displays smaller
values along the vertical z axis except near the liquid free
surface where the fluid velocity takes a maximum value
u∗ (Fig. 10). The velocity u∗(x,H) of the liquid free sur-
face in the vertical plane y = 0 increases with the ris-
ing velocity Wb of bubbles and approximately scales as
Wbd/x. The flow near the free surface presents a bound-
ary layer character with streamlines nearly parallel to the
horizontal plane and relatively steep velocity gradients.
In the vertical plane y = 0, the thickness of the hori-
zontal boundary layer near the liquid free surface then
scales as [ηx/ρu∗)]1/2 ≈ x[η/(ρWbd)]1/2 and increases lin-
early with the distance x from the bubble stream axis. The

Fig. 9. Vertical liquid velocity component w(x) versus the
distance x from the single bubble stream in the vertical plane
y = 0 at the height z = zc for fluid viscosity η = 105 mPa s
(left figure) and η = 164 mPa s (right figure). Gas flow rate
Q = 0.048 l/mn and liquid height H = 8 cm. The black cir-
cles represent the experimental liquid velocity data and the
solid line the predictions of the numerical model. (�) Measured
bubble rise velocity. (�) Calculated bubble rise velocity from
equations (5, 6).

Fig. 10. Horizontal liquid velocity component u(z) versus the
height z from the tank bottom in the vertical plane y = 0 at
the distance x = xc from the single bubble stream axis for
fluid viscosity η = 105 mPa s (left figure) and η = 164 mPa s
(right figure). Gas flow rate Q = 0.048 l/mn and liquid height
H = 8 cm. The black circles represent the experimental liquid
velocity data and the solid line the predictions of the numerical
model.

streamlines in Figure 4 indeed indicate a rapid increase of
the horizontal boundary layer thickness with the distance
from the bubble stream.

Figures 9 and 10 show the general agreement between
experimental velocity field and predictions of the numer-
ical model. The bubble rising velocity Wb derived from
equations (3, 4) decreases with fluid viscosity in good
agreement with experimental data. The vertical fluid ve-
locity near the gas liquid column is about 3Wb/4 (Fig. 9)
which explains the empirical models based on a slip ve-
locity to describe the momentum exchange between air
bubbles and the surrounding liquid [4].

When increasing the liquid viscosity, the recirculation
flow slows down within the tank (Figs. 9 and 10) because
of the decrease of the average buoyancy force Sbz = ρgε
per unit volume acting on the gas in the bubble stream.
Despite larger bubble volume, a viscosity increase lowers
both the bubble frequency emission and the gas volume
fraction ε in the stream [5] which reduces the momentum
exchange. On the other hand, both the bubble frequency
emission and gas volume fraction ε increase with gas flow
rate which enhance the recirculation flow and improve the
convective mixing in good agreement with theoretical re-
sults (Figs. 9 and 11).
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Fig. 11. Vertical liquid velocity component w(x) versus the
distance x from the single bubble stream in the vertical plane
y = 0 at the height z = zc (a). Horizontal liquid velocity
component u(z) versus the height z from the tank bottom in
the vertical plane y = 0 at the distance x = xc from the
bubble stream axis (b). Fluid viscosity η = 164 mPa s, gas
flow rate Q = 0.1 l/mn and liquid height H = 8 cm. The black
circles represent the experimental liquid velocity data and the
solid line the predictions of the numerical model. (�) Measured
bubble rise velocity. (�) Calculated bubble rise velocity from
equations (5, 6).

4.2 Two vertical bubble streams

We have investigated the flow field resulting from the in-
teraction of two bubble streams (Fig. 4b). The two nozzles
are located symmetrically in the vertical plane y = 0 at
a distance of 2.5 cm from the centre point O of the bot-
tom wall. The separation distance of 5 cm between bub-
blers is larger than the thickness δ ≈ [ηH/(ρWb)]

1/2 of the
vertical viscous boundary layer and we may expect only
small hydrodynamic perturbation of the bubble streams
(δ ≈ 0.6 cm for η = 105 mPa s, H = 8 cm, ρ = 1250 kg/m3

and Wb ≈ 20 cm/s) (Fig. 9).
The large scale flow pattern in the vertical plane y = 0

and for x > 2.5 cm is remarkably close from the flow
induced by a single bubbler (Fig. 13a). In the region be-
tween the two bubblers, the hydrodynamic interactions
between the recirculation flows induced by each rising
bubble stream results in a loss of the radial symmetry
of the streamlines. One observes an upward flow from a
bottom point located between the bubblers (white circle
in Fig. 12a). The upward flow arises from the junction
of the large scale recirculation flows in the vertical plane
x = 0 perpendicular to the light plane.

The hydrodynamic interaction of the horizontal
boundary layers generates small scale recirculation flows
in the immediate vicinity of the free liquid surface (white
circles in Fig. 12b). For a gas flow rate Q = 0.048 l/mn
and a fluid viscosity η = 105 mPa s, the centre point
C of the secondary recirculation flows is located at the
height zc = 6.7 cm and 1.4 cm from the bubble axis
(xc = ± 0.9 cm).

Far from the region between bubble streams (x >
2.5 cm), the vertical velocity w(x) at the height z = zc
(Fig. 13a) and the horizontal velocity component u(z) at
x = 5 cm (Fig. 13b) display comparable variation when
compared to the flow pattern for a single bubble stream
(Figs. 9 and 10). The vertical velocity component w(z)
between bubble streams takes lower values along the ver-
tical z axis (w(z, x = 0) < 1 cm/s, Fig. 13c) in good

Fig. 12. Overlay of 4 binary frames showing the flow pattern
between two vertical bubble streams apart from 5cm in a water
glycerol solution (liquid viscosity η = 105 mPa s, gas flow rate
Q = 0.048 l/mn, liquid height H = 8 cm and shutter speed ω =
1360 Hz). Figures (a) and (b) respectively show the bottom and
upper region of the flow. The white circles indicate either the
quiescent region in (a) or the centre of the secondary flows in
(b).

Fig. 13. Liquid flow in the vertical plane y = 0 induced by two
bubbles streams rising in a water-glycerol solution of viscosity
η = 105 mPa s (gas flow rate Q = 0.048 l/mn and liquid height
H = 8 cm). Vertical liquid velocity component w(x) versus
the distance x from the bubble stream at the height z = zc =
6.7 cm (a). Horizontal liquid velocity component u(z) versus
the height z from the tank bottom at the distance x = 5 cm
(b). Vertical liquid velocity component w(z) versus the height
z from the tank bottom at the distance x = 0 (c). The black
circles represent the experimental liquid velocity data and the
solid line the predictions of the numerical model. (�) Measured
bubble rise velocity. (�) Calculated bubble rise velocity from
equations (5, 6).

agreement with numerical predictions. The bottom region
between bubble streams in the vertical plane y = 0 is
nearly quiescent which strongly weakens the efficiency of
the convective mixing.

4.3 Effect of a circular ring

In the companion paper [5], we have investigated the ef-
fect of a circular ring located at the emission orifice on
bubble growth and rise velocity. The circular ring screens
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Fig. 14. Vertical liquid velocity component w(x) versus the
distance x from the single bubble stream in the vertical plane
y = 0 at the height z = zc = 5 cm in the absence (•) or in
the presence (◦) of a 3 cm diameter circular ring located at the
emission orifice (fluid viscosity η = 164 mPa s, gas flow rate
Q = 0.048 l/mn and liquid height H = 8 cm).

the large scale recirculation flow near the orifice which de-
lays the detachment of the bubble and slightly lowers the
bubble rise velocity mainly sensitive to the bubbling fre-
quency [5]. In the same way, we have studied the liquid
flow pattern induced by a single bubble stream released
from a nozzle with a circular ring of 3 cm diameter. The
analysis of the image frames only shows a slight decrease
of the vertical velocity component w(z) near the bubble
stream and negligible influence of the circular ring on the
large scale recirculation flow (Fig. 14). In the presence of
the screening ring, the lower fluid velocity near the bub-
ble stream mainly results from the smaller average gas
volume fraction ε in the gas-liquid column which lowers
the momentum exchange.

5 Conclusion

A three-dimensional numerical model based on control-
volume approach and hybrid finite differencing scheme
was developed with a momentum steady source term in
the z-momentum equation to describe the momentum ex-
change between the rising bubble stream and the liquid
phase within an open-top rectangular enclosure. The full-
field flow in a two dimensional plane was further inves-
tigated with a particle image velocimetry system using
advanced image processing. The point by point cross cor-
relation analysis of the digitised image frames accurately
yields the bubble rise velocity and the fluid velocity in the
laser light plane.

The numerical model well describes the experimen-
tal flow pattern. Therefore, the theoretical expressions
of the momentum source term and the gas volume fraction

in the bubble stream account for in line interactions be-
tween bubbles and can be used with confidence in nu-
merical models to describe the momentum exchange in
industrial reactors involving air bubblers. However, the
present model neglects the effect of the large scale recir-
culation flow on bubble growth and rise velocity which
assumes distances between a bubble stream and sidewalls
(or between neighbouring bubble streams) larger than the
thickness of the viscous boundary layer.

When considering row of bubblers to improve convec-
tive mixing and quality product in chemical reactors, care
must be taken to set the distance between adjacent bub-
blers. For distances between adjacent air bubblers larger
than the thickness of the vertical boundary layer, the bot-
tom region between bubble streams is nearly quiescent. On
the other hand, smaller separation distances between air
bubblers induce the formation of small extent secondary
flows which promotes small scale convective mixing.
However, the hydrodynamic interactions between close
bubblers then may perturb the bubble growth and rise
velocity.
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